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INTRODUCTION 
An important problem concerning a wide class of mappings acting on a 
real interval and taking values in a Banach space is that regarding the 
relationships between their focal and global metric properties (especially 
Lipschitz-type properties). More exactly, it is of interest to look for an 
answer to the following question: Under what (sufftcient) conditions does a 
local metric property (in a differential sense) imply a global one (on a whole 
interval)? As a fundamental-and classical-result in this direction we must 
consider Dieudonne’s mean value theorem [ 14, Chap. VIII, Sect. 5 ] 
proved-in case of a continuous mapping-by a supremum technique. It is 
the main aim of the present note to extend Dieudonne’s result to a class of 
(not necessarily continuous) closed mappings. In this context, it is not 
without importance to emphasize that the basic instrument in proving our 
main result is represented by a maximal element theorem that may be 
considered as an abstract version of the well-known Ekeland-Brondsted 
maximality principle [9, 161. It should also be noted that our maximal 
element result (Theorem 1) has a number of interesting applications to flow- 
invariance problems for contractive semigroups acting on complete metric 
spaces [8] as well as to differential inequalities involving real-valued 
functions [4]. These aspects will be discussed elsewhere. 
1. A MAXIMAL ELEMENT RESULT 
Let X be an abstract nonempty set and let < be an ordering on X (that is, 
a reflexive, antisymmetric, and transitive relation on X). Let P(X) denote the 
class of all nonempty subsets of X and, for every YE P(X) and x, y E Y 
with x < y, let Y(x, <) (respectively, Y(x, JJ)) denote the subset of all z E Y 
with x < z (x < z < v). An element z E X is called an upper bound (respec- 
tively, a maximal element) of a subset YE P(X) if and only if z E X(y, <), 
all y E Y (respectively, Y(z, <) = (z}). A subset YE P(X) will be termed a 
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chain iff for every x, y E Y, either x < y or y < x. Also, an enumerable 
subset (or, equivalently, a sequence) Y = (y, ; n E N) in X will be called 
monotone (strict monotone) iff yi < I; (yi < yj), whenever i < j, i, j E N 
(here ( denotes the strict ordering on X induced by the initial ordering < 
on X). 
Now, let (X, d) be a metric space and let < be an ordering on X. For 
every x E X and YE P(X), d(x, Y) will indicate the usual distance between I 
and Y (the infimum of all distances d(x,y) with y E Y). A subset YE P(X) 
will be called order-closed iff for every monotone sequence (x, ; n E IV) in Y 
and every x E X with x,-+x as n -+ co we have x E Y, in this context, the 
ambient ordering < on X is said to be self-closed iff X(x, <) is order-closed 
for all x E X. Finally, the ambient metric space (X, d) will be termed order- 
compact iff every monotone sequence in X has a convergent (monotone) 
subsequence. A satisfactory motivation for introducing these notions will be 
offered later; for the moment, our only interest is to state and prove a useful 
maximality principle on this class of ordered metric structures, a result that 
may be formulated as follows. 
THEOREM 1. Suppose the metric space (X, d) and the ordering < on X 
are such that 
(i) < is a self-closed ordering on X, 
(ii) (X, d) is drder-compact. 
Then, for euery x E X there is a maximal element z E X with x < z. 
Proof Let C be an arbitrary chain in X. Suppose C is not bounded 
above; then,, necessarily, C has no maximal elements so that one may 
suppose it satisfies 
for every x E C there exists y E C with x < y. (1) 
Now, under these circumstances we claim our chain has the property 
for etlery E > 0 there exists x = X(E) E C such that J’, z E C 
and x < y < z imply d( y, C(z, <)) < E. (2) 
Indeed, assume (2) does not hold; then, there must be a number E > 0 such 
that, for every x E C, a couple y, z E C with x < y < z may be found with 
the property d(y, C(z, <)) > E (of course, in such a situation we have y < z). 
Let x, E C; by the above assumption, we get a couple y,, z, E C with 
x,< y, <z, and d(y,,C(z,,<))>c. Put z,=xz; by the same assumption, 
a couple Y*,Z*E c may be chosen with x2 < Y2 =c z2 and 
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d(y,, C(z,, <)) > E, and so on. By induction, we get a strict monotone 
sequence ( yn ; n E N) in C satisfying 
KY, 3 4’m) > E, n c m, n, m E N, (3) 
and, therefore, condition (ii) will be violated, proving our claim. In this case, 
by (2) coupled with (1 ), a strict monotone sequence (x, ; n E N) in C may be 
chosen with the property 
nEN, y,zEC, and x,,<y<z imply d(p, W, <>I < (;Y. (4) 
Let yr E C(x,, xr). By (4), an element y, E C(x,, <) may be found with 
d(y,, yJ < f. Without any loss we may suppose y2 E C(x,, x3) in which 
case, again by (4), an element yj E C(x,, <) may be chosen with d(y,, y3) < 
(f)‘, and so on. By induction, a monotone sequence (y, ; n E N) in C may be 
constructed with 
db,, in+,) < (f)“, all nEN 
so that, by (ii), yn + c as n + co, for some c E X; of course, by (i) we also 
have y, < c, all n E N. Let z E C; without loss of generality we may suppose 
y,, < z, all n E N, in which case, again by (4) the existence of a monotone 
sequence (z,,; n E N) in C(z, <) satisfying 
dbn, z,) < (f)“- all n E N, 
easily follows. From this relation, z, + c as n -+ co; hence, again by (i), 
z, < c, all n E N and, in particular, z < c. Since z E C was an arbitrary 
element, our initial assumption about C will be contradicted. Thus, every 
chain C in X is necessarily bounded above and Zorn’s theorem 122, p. 33 ] 
applies, completing the proof. Q.E.D. 
A partial indication about the power of the above maximality principle 
follows from the considerations below. Again let (X, d) be a metric space 
and let < be an ordering on X. A function f: X + R is said to be order-lx 
(order-use) iff for every t E R the subset of elements x E X with J(x) < t 
u(x) > t) is order-closed; that is, if the monotone sequence (x,; n E N) in X, 
the real number t E R, and the element x E X satisfy f(x,) < t (f(x,) > t), 
n E N, and x, + x as n + co, we have f(x) < t (f(x) > t). Of course, every 
Isc (USC) function is, in the same time, order-lsc (order-use). On the other 
hand, if we suppose < is a self-closed odering on X and f monotone 
decreasing (increasing) on X, then, necessarily, f is order-lsc (order-use) for, 
if the monotone sequence (x, ; n E N) in X, the real number t E R, and the 
element x E X are as above, then x, <x, for all n E N so that f(x) < 
f(x,) < t u(x) > f(x,) > t), for all n E N, proving our claim. This shows 
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that the notion of order-lsc (order-use) function is effectively more general 
than the corresponding notion of lsc (USC) function. In the same context, let 
(X’, d’) be another metric space. A mapping T from X into X’ is said to be 
order-closed provided that, for every monotone sequence (x,; n E N) in X 
and every s E X, x’ E X’ with x, -+x and TX, --*xl as n + co we have 
T.r =x’. Evidently, every closed mapping from X into X’ (in a sense, made 
precise, e.g., by Downing and Kirk [ 151) is, necessarily, order-closed in the 
above sense. On the other hand, if we suppose the mapping T: X-t X’ is leff- 
continuous on X (that is, for every monotone sequence (x,; n E N) in X and 
every ?c E X with x,+x as n + co we have TX, + TX as n -+ co), then 
clearly, T is order-closed, proving that the notion of order-closed mapping is 
effectively more general than the notion of closed mapping. Now, as useful 
variant of Theorem 1 we have 
THEOREM 2. Let the metric space (X, d) and the ordering < on X be 
such that hypotheses (i) and (ii) hold and suppose in addition the complete 
metric space (X’, d’), the mapping T: X + X’, and the function rp: X -+ R are 
such that 
(iii) T is order-closed on X, 
(iv) cp is order-lx and bounded below on X. 
Then, for eveq’ x E X there is an element z E X such that the following 
conclusions are valid: 
(a) x < z and d’(Tq Tz) < p(x) - q(z), 
(b) for every y E X, y # z, either z < y does not hold or, d’(Tz, TV) > 
q(z) - co(y) in case z < y. 
Proof: Let us define a new ordering 5 on X by the convention 
x2 1 iff x<j and -. d’( Tx, Ty) < q(x) - cp( y). 
Since, evidently, the new ordering 5 is finer than the initial ordering < (that 
is, x 5 4’ implies x < y), it immediately follows that (X, d) is order-compact 
with respect to 5. On the other hand, we claim 5 is a self-closed ordering. 
Indeed, let the elements x, J E X and the sequence (yn ; n E N) in X be such 
that 
-KS .Yn, n E N; y,Z .vm, n<m; .I?~+ y as n+m. (5) 
As a first consequence of these facts, we have 
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so that, by (i), x < y. On the other hand, again by (5), we have 
d’W7 TV,) < dx> - V(Y,). n E N; 
d’(TY,v 5,) < V(Y,) - P(YA n < m. 
(7) 
From the second part of (7), (rp(y,); n E N) is a decreasing sequence in R, 
hence, by the second part of (iv), a Cauchy sequence. It follows at once that 
KY,,; n E N) is also a Cauchy sequence in X’ so that, by completeness, 
Z), + y’ as n --) 03 for some y’ E X’, which in turn implies (by (iii) 
combined with (6)) Ty = y’; that is, Ty, + Ty as n + co. Finally, taking into 
account the first part of (iv) plus (7) we get, by a limit process, d’(Tx, Ty) ,< 
(p(x) - p(y) and therefore, we obtain x 5 y, proving our assertion. In this 
case, Theorem 1 applies (with < replaced by 5) and this ends the proof of 
our result. Q.E.D. 
Concerning the elements involved in the above result, it should be noted 
that, under a completeness assumption about the ambient metric space 
(X, d), an important class of orderings < on X satisfying (i) and (ii) is that 
offered by the choice 
X<Y iff  4s Y) < w(x) - W(Y), 
v being a function from X into R, lsc, and bounded from below (see, e.g., 
Browder [ 11 I), in which case the corresponding variant of Theorem 2 
appears as a direct extension of the author’s similar result [33] or-after 
Bourbaki’s pattern [6]-of a result established by Downing and Kirk [ 151. 
Moreover, in the case X=X’, d = d’, T = I (the identity mapping), and 
a, = u/, from the same corresponding variant of Theorem 2 we get the 
Ekeland-Brondsted maximality principle 19, 10, 16, 171 (see also Aubin and 
Siegel [ 11, Bishop and Phelps [S] , Brezis and Browder [8], Turinici [3 11. 
Weston [34]), or, equivalently (after the same Bourbaki pattern), the so- 
called Caristi-Kirk-Browder fixed point theorem [ 11, 12, 231 (see also 
Husain and Sehgal [ 191, Kasahara [2 11, Pasicki [27], Siegel [28], Turinici 
1321, Wow [35]). 
2. THE MAIN RESULT 
Let J be a given real interval and let J’ denote the subset of all I E J 
distinct from the (eventual) right end point of J. For every functionf: J + R, 
let D’f, E ‘f (respectively, D, f, E+f) denote the functions from J’ into the 
extended real axis R= R U {--03 } U {+co } defined by: for every t E J’, 
D’/(t) (D+f(t)) equals lim sup (lim inf) of the quotient 
dfW - f (N/(s - Q as s + r+ and E’f (t) (E+f(t)) equals lim sup (lim inf) 
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of the differencef(s) - f(t) as s --f t + . Of course, if the functionfpossesses a 
right derivative f:(t) in t E J’, then D ‘f(t) = D +f(r) =fi(t). On the other 
hand, if we suppose f is monotone on J, then E ‘f(t) = E + f(t) = f(t + 0) - 
f(t), t E J’. In the same context, for every mapping T from J into a Banach 
space X, we denote by D ’ T, Et T (respectively, D + T, E + T) the functions 
from J’ into the extended positive half-axis K+ = R + U (foe } defined by: 
for every t E J’, D + T(t) (D + T(t)) equals lim sup (lim inf) of the quotient 
/I Ts - Ttll/(s - t) as s + t, and E+T(t) (E + T(t)) equals lim sup (lim inf) of 
the quantity 11 Ts - Ttll as s --* t, . As above, if T has a right derivative T:(t) 
in t E J’, then D ’ T(t) = D, T(t) = 11 T:(t)11 and, moreover, if T is continuous 
at the right on J, then Et T(t j = E f T(t) = 0, t E J’. 
Suppose in what follows that T is a mapping from J into X and f a 
function from J into R, monotone increasing on J. The couple (T, f) is said 
to possess a mean value property on J iff 11 Tb - Tall < f(b) - f(a) for all 
a, b E J, a < 6. Concerning this notion, it should be noted that a first 
fundamental mean value theorem was obtained-in the case of a continuous 
mapping-by Dieudonne [ 14, Chap. VIII, Sect. 51 through a differential 
procedure (involving the ordinary derivative) combined with a supremum 
technique. Our main intention is, in what follows, to extend the above-quoted 
Dieudonne result to a class of (not necessarily continuous) order-closed 
mappings, through a diferential approach (involving operators D and E 
defined before) in combination with a maximal element technique developed 
in the preceding section. More explicitly, the main result of the present note 
may be stated as follows. 
THEOREM 3. Under the above conventions, suppose T is an order-closed 
mapping from J into X and that, in addition, a denumerable subset A of J 
may be chosen, with the properties 
(v) for every t E J’\A, either +a0 # Dt T(t) < D’f (t) or +co # 
D t T(t) < D + f (t). 
(vi) for every t E J’ n A, E + T(t) < f (t + 0) - f(t). 
Then, necessarily, the couple (T, f ) possesses a mean value property on the 
interval J. 
Proof. Let n I- a,, be a bijection of N onto A and let g: J-t R be defined, 
for every t rZ J, by 
g(t) = 1 ((iI”; a, c tl, if (nEN;a,<t}#[ZI, 
= 0, if (n E N; a, < t) = 0. 
Evidently, g is monotone increasing on J and, on the other hand, 
g(t) - da,> 2 (?iY, all t E J, t > a,,, all n E N. (8) 
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Define a new function h: J-, R by the convention 
h(t) = f(r) + et + q(t), t E J, 
E > 0 being an arbitrary number; clearly, h is also monotone increasing on J, 
hence order-use on J. Now, a, b E J, a < b being arbitrarily fixed, let Z denote 
the interval [a, b]. As Theorem 2 applies (with X replaced by Z and rp by -h) 
for a E Z, there is an element z E Z such that the following conclusions hold. 
(a’) a <z and (1 Tz - Ta(I < h(z) - h(u), 
(b’) for every 4’ E I. y # z, either z < y is impossible or 11 Ty - Tz(l > 
h(y) - h(z) in case z < ~1. 
Suppose z # b. For every J E I, y > z we must have by (b’), I/ TJ - Tzlj > 
h(y) - h(z) or, in other words 
II 0 - Tzll > f0) -f(z) + E(Y -z) 
+ &(&T(Y) - g(z)). JEZ, y>z. (9) 
Now, two cases are open before us: either z E Z\A or z E In A. The analysis 
of these two cases may be performed as follows. 
Case 1. z E Z\A. Let us observe that, by (9), we may write as a conse- 
quence 
(I 7j1 - Tzll > f(y) -f(z) + e(y -z). j’ E I, 4’ > z. 
so that, dividing by 4’ - z and taking lim sup (lim inf) on both sides, we get 
Ll+T(z)>D+f(z)+~ P+T(z)>~+f(z)+~), 
contradicting hypothesis (v). 
Case 2. z E In A ; that is, z = a, for some n E N. In such a situation, 
we immediately derive, as a consequence of (9) combined with the evaluation 
W, 
II TV - WI > f(s’) -f(z) + &(+I”, yEZ, 4’>z, 
hence, taking lim inf on both sides, 
E + T(z) > f(z + 0) - f(z) + E(f)” > f(z + 0) - f(z), 
contradicting hypothesis (vi). 
Therefore, in any case we reach a contradiction so that the only accep- 
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table situation is z = 6; but then, from the second part of conclusion (a’), we 
have 
II 7-b - Tall < f(b) -f(a) + Gb - a) + dir(b) - g(a)> 
and since E > 0 and u, b E J with a < b were arbitrarily chosen, our theorem 
is completely proved. Q.E.D. 
As an important particular case, suppose T is continuous at the right on J 
and that 
(vii) for every t E J’\A, T andf have a right derivative T;(t) andf A(t) 
respectively, satisBVng the relation )I T:(t)/1 ,< f;(t). 
Then, the corresponding variant of Theorem 3 may be considered as being 
identical with the original Dieudonne result quoted above (see also Aziz and 
Diaz [2], Bourbaki [7, Chap. I, Sect. 31, Gil [18], McLeod [26]). On the 
other hand, as a symmetric situation with respect to the preceding one, 
assume A is an empty subset; that is 
(viii) for every t E J’ either +a~ # D+T(t) < D’f (t) or +CC # 
D, T(t) < D+f (t). 
Then the above theorem appears as a partial extension of a result due to 
Clarke [13] (see also Kirk and Ray [25]). 
3. AN APPLICATION TO PROJECTIVE METRIC STRUCTURES 
Let X be a Banach space and X, a convex and pointed cone in X; that is 
(ix) X, ~1 E X, and 1, p > 0 give Lx +,uy E X, , 
(x) x, y E X, , x + y = 0 imply x = y = 0. 
Denote by < the ordering on X induced by the cone X, in the usual way 
(s < J’ if and only if 4’ -x E X,). A mapping (t, x) t- S(t, x) = S(t)x from 
R + x X, into X, will be termed an archimedian monotone quasi-semigroup 
on X, provided that 
(xi) S(O)x = x, all x E X, , 
(xii) S(t)(S(s)x) < s(t + S)X, all t, s E R + , x E X, , 
(xiii) t < t’, .Y < x’ imp/y S(t)x < S(t’)x’, 
(xiv) x ,< S(t) y for all t > 0 gives x < y. 
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Suppose further S is an archimedean monotone quasi-semigroup on X, . 
Then, we may define a mapping d, from X: into R+ by the convention 
d,(x, y) = inf(t > 0; x < S(t)y, y < S(t)x), 
if (f > 0; x < S(t) y, y < S(t)x) is not empty 
=+co if (t > 0; x < S(f) y, y < S(t)x) is empty (10) 
for all x, y E X, . We claim d, is a generalized metric on X, in Luxemburg 
and Jung’s sense [20, 251. Indeed, clearly, d, is symmetric i.e., d,(x, y) = 
d,(y, x), all x, y E X, . On the other hand, let x, y, z E X, be such that 
4(x, Y> < +a~, d,(y,z) < +a, and let t > d,(x, y), s > d,(y, z) be 
arbitrarily fixed. From definition (10) combined with monotonicity property 
(xiii), x Q S(t) y, y < S(s)z and y Q S(t)x, z < S(s) y so that, by the quasi- 
semigroup condition (xii), we get 
x < S(t)(S(s)z) < S(t + s)z, z < S(s)(S(t)x) < S(t + s)x 
showing d,(x, z) < t + s and proving that the triangle inequality holds. 
Finally, suppose x, y E X, are such that d,(x, y) = 0; then x < S(t) y, 
y < S(t)x for all t > 0 which gives, by the archimedean property (xiv), x < y, 
y <x; that is, x = y, proving our initial assertion. By convention, d, will be 
called the generalized projective metric on X induced by the couple {X + , S ) 
and, correspondingly, (X, , d,) its associated projective metric structure. It is 
important to observe, here, that if we suppose that the ambient cone X, is 
archimedean [3] (that is, x < ry for all f > 1 implies x < y), then, an 
important particular case of archimedean monotone quasi-semigroup on X, 
is that offered by the choice 
f being a continuous and strictly increasing function from R + into itself with 
f(O)= 1 and f(r) f(s)< f(t +s) for all t,s E R,. For example, an 
important class of functions satisfying these requirements is that expressed 
by 
f 0) = exp(t’), rER+, (12) 
r > 1 being an arbitrary fixed number; note that, in the case r = 1, the above 
construction may be compared with a similar construction of Thompson’s 
[30]; (see also SteEenko and Imomnazarov [29]. 
An important problem regarding the above-introduced projective metric d, 
is that concerning completeness properties of its corresponding projective 
metric structure (X,, d,). In order to formulate an useful answer in this 
direction, suppose further 
(xv) X, is a closed subset of X 
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and that the ambient monotone and archimedean quasi-semigroup S 
possesses an order-closedness property at every x E X, , 
(xvi) for any monotone sequence (t, ; n E N) in R + and every t E R + , 
y E X, with t, --t t and S(t,)x --t y as n -+ co, we have S(t)y = ~9. 
In such a case, under the additional hypothesis 
(xvii) for every a E X, there is a monotone increasing function 
f,:R+ -+R+ with f,(t) -+ 0 =f,(O) as t --+ 0+ such that, for any x E X with 
0 < x < a, a denumerable subset A, of R + may be chosen with the properties: 
-for every t E R + \A, either +oo # D’(S(+)x)(t) < D’f,(t) or 
+a f D+(W.>xN) < D+f,(t), 
-for an?’ t E A,, E+(S(.)x)(t) ,< f,(t + 0) -f,(t), 
the main result applies (with J, T, f, and A replaced by R + , S(.).x, f, and A,, 
respectively) so that, from the conclusion of that result, 
II Wk - 41 ,< f,(t), tER,, O<x<aEX+. (13) 
Now, as a somehow specific hypothesis, assume X, is a normal cone; that 
is, 
(xviii) there is a family (k(a); a E X,) of positive numbers such that 
0 < x, y < a implies I/x/l < k(a) 1)~‘1/ 
and, as a notational convention, for every a E X, and r > 0 let X+(a, r) 
denote the ds-closed ball with center a and radius r. In such a situation, 
a E X, and r > 0 being given, put b = 2S(3r)a and let x. y E X+(a, r) be 
arbitrarily fixed. Denoting for the sake of simplicity t = ds(x, y) we 
necessarily have x < S(t)y. y < S(t)x so that 
S(t) y = x + u, S(t)x = y + v, for some u, L’ E X, . 
Since, evidently, we also have 
0 <x, y ,< S(r)a < S(3r)a ,< b 
a combination of these relations yields (taking (13) into account) 
llu + v II ,< II wyx - AI + II W)J’ - YII < 2f,(t). 
On the other hand, from the obvious relation 
0 ,< u, v < u + v < S(t)x + S(t)y < S(2r)x + S(2r) y < b 
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we immediately derive (by the preceding relation plus the normality 
hypothesis (xviii)) 
II u II < W) II u + 1’ I/ < WblMt). 
Now, if we observe that, by our notational conventions, s - J’= S(t)>* - 
J - U, from the above evaluation we get 
II-Y - ??I1 < IIs( - 4’11 + Ilull ,< (1 + 2k(~))f,(t) 
and therefore we obtained the conclusion 
x, y E x, (a, r) implies II+v - Al < (1 + 2wJNmM4 Y)). (14) 
Finally, as a symmetric hypothesis with respect to (xv), suppose the 
Archimedean monotone quasi-semigroup S possesss the following kind of 
upper-semicontinuity property at every t E R + 
(xix) for any sequence (y, ; n E N) in X, and every x, y E X, with 
x~S(t)y,forallnENandy,-,yasn-,oo wehavex<S(t)y. 
NOW, let us accept all hypotheses listed above and let (x,; n E N) be a d,- 
Cauchy sequence in X,. Without loss of generality we may suppose 
(x,; n E N) c X+(a. r) for some a E X,. r > 0; in such a case, by (14), 
@, ; n E N) appears also as a Cauchy sequence with respect to the ambient 
norm )I . 11 on X so that (by the completeness property of X with respect to 
this norm, combined with the closedness hypothesis (xv)) x,, 4-x as n + 00 
(modulo II . 11) for some x E X,. Let E > 0 be arbitrarily fixed. There is, by 
the initial assumption about our sequence, a positive integer II(E) E N such 
that n, m > n(E) implies d,(x,, ?c,) < E. that is. 
X,<S(E)X,, X,<S(E)X,. n, m > n(E j 
and therefore, letting m tend to infinity and remembering (xv) again, as well 
as (xix), 
x< q&)x,, -x, < S(E)% n > n(c) 
that is, d,(x,, x) < E, all n > n(E) proving x, + x as n + co (modulo d,). In 
other words, we obtained the following completeness criterion: 
THEOREM 4. Under the specific hypotheses (xvb(xix), the (generalized) 
projective metric structure (X, , d,) is, necessarily, a complete one (every d,- 
Cauchy sequence in X, is a ds-convergent one). 
As an important particularization, suppose that (under the archimedean 
hypothesis about the cone X,) the monotone and archimedean quasi- 
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semigroup S is expressed by convention (11) with f defined by (12); then, 
evidently, hypotheses (xv)-(xix) are equivalent to (xv) and (xviii), and the 
above theorem may be considered as a direct extension of a similar 
Thompson’s completeness criterion [30]. A number of other important 
particular cases of projective metric structures as well as interesting 
applications to functional equations will be discussed in a forthcoming paper. 
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